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We investigate numerically the momentum density and phase maps −in coordinate and momen-
tum space− of a two dimensional Bose-Einstein condensate (BEC) excited by a moving red-detuned
laser potential. The BEC is confined in a harmonic trap cutoff by hard walls. The system and
excitation scheme are as in our previous work (Roger R. Sakhel et al. to appear in J. Low Temp.
Phys. (2013)); but with twice the number of particles and interaction strength. We solve the time-
dependent Gross-Pitaevskii equation numerically using the split-step Crank-Nicolson method in real
time. It is demonstrated that the red-detuned laser has a phase-imprinting effect like a repulsive
potential barrier. Signatures of excitations are extracted from the dynamics of the momentum den-
sities and phase maps. Further, a new phase is defined in momentum space, which is used to reveal
excitations. Therefore, phase maps in coordinate space and momentum space are compared for
different BEC evolution times. We argue, that this momentum-space phase is especially important
with regard to the studies of BEC momentum distributions. In addition, this work presents a new
method of BEC interferometry and should contribute to the ongoing research in that field. One
of our significant findings is the presence of substantial differences bewteen the momentum density
obtained by a Fourier transform (FT) of the spatial density distribution and the one obtained from
the modulus of the wavefunction in momentum space; the latter is obtained by a FT of the spatial
wavefunction.
I. INTRODUCTION
The momentum density (MD) has become an impor-
tant tool in the characterization of Bose-Einstein con-
densation (BEC) both theoretically and experimentally
[1–12]. This is because the MD reveals several proper-
ties of the BEC [2, 8, 10, 12–16], such as temperature
[14], chemical potential [12], and the presence of a qua-
sicondensate below the critical temperature [8, 9]. One
of the key features of an MD is that it can be used to
detect the excited states of a system [14, 17]. Further,
it provides valuable information about coherence prop-
erties such as distinctive interference phenomena [18–20]
and vortices [21–25] as will be seen in this work. In fact,
it was Pitaevskii et al. [18] who first proposed the inves-
tigation of BEC in momentum space instead of coordi-
nate space more than a decade ago. We therefore believe
that an analysis of the MD dynamics and the associated
phase maps −either in momentum or coordinate space−
is an integral part of the understanding of excitations in
a trapped BEC. The exploration of the phase dynamics
both in momentum and coordinate space is a particu-
lar feature in our present work. That is, we propose to
study the phase of the momentum wavefunction so as to
explore the possibility of extracting information on the
excitations in a trapped BEC in addition to the one ob-
tained from the phase in ccordinate space.
Experimentally, the MD of a BEC is obtained by
switching off the trap, allowing the BEC to expand,
and then using time-of-flight absorption imaging [10–
12]. This method gives images of particle distributions
which can be converted to momentum distributions [20].
Moreover in other approaches, we mention for exam-
ple that van Amerongen et al. [11] accessed the axial
MD of a weakly interacting nearly 1D Bose gas at finite
temperature using a focusing technique [26]. Whyte el
al. [3] proposed that a very weakly-interacting trapped
two-dimensional (2D) BEC can be reliably Fourier trans-
formed by waiting a quarter of the trap period. Accord-
ingly, this method, unlike time-of-flight absorption imag-
ing, would Fourier transform a BEC non-destructively.
Basing on the latter finding, we conduct the present sim-
ulations in the weakly-interacting regime so as to allow
a reliable Fourier transform of the density and to be in
line with experiment.
Previous studies have shown that the splitting of
BECs into fragments yields relative phases between
them. Depending on the rate of the merger between the
fragments, vortices or fringes are formed in coordinate
space such as the ones demonstrated in Refs. [23, 27–30].
In addition, topological defects in coordinate-space phase
maps were found to be indicative of vortex or soliton ex-
citations [21–25, 31, 32]. Since these studies are rare
in momentum space, we were motivated to investigate
the MD of a 2D trapped BEC undergoing splitting and
merging using a red-detuned laser potential complement
to our previous work [33]. Of particular interest is the
exploration of its phase maps, either in coordinate space
or momentum space. Whereas the former has been inves-
tigated [23], the latter has, to the best of our knowledge,
never been addressed. On the one hand, it is known that
the phase in coordinate space is closely related to the
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2velocity of the superfluid via ~v = (h¯/m)~∇φ, and it there-
fore provides an indirect picture for the velocity field. It
further plays an important role in the hydrodynamic de-
scription of a trapped Bose gas [34], since the solution
to the time-dependent Gross-Pitaevskii equation can be
written in the form ψ =
√
ρeiφ, where
√
ρ is the am-
plitude and φ the phase of the wavefunction ψ. This, in
turn, readily leads to a continuity-like equation as well as
a Bernoulli-like equation [35]. The importance of phase
maps lies therein, since the excitations are sometimes
hard to detect by looking at the density maps only. On
the other hand, the usefulness of the phase in momentum
space awaits exploration, and we try to shed light on it
here.
In our previous work [33], we split a BEC confined
inside a 2D trap cutoff by a hard wall box potential
(HWBP) into two pieces by applying a red-detuned laser
potential. From now on, we shall refer to this laser poten-
tial simply as the “stirrer”. It was then indicated that
our setup could be used for the design of a new kind
of BEC interferometer. It is therefore useful to address
this issue further here. We begin with the fact our inter-
ferometer could be called a “dimple-trap interferometer”,
which serves as an important contribution to the on-going
research mentioned below, especially, since atom interfer-
ometers have a high measurement capability as pointed
out by Wang et al. [36]. In fact, BEC-loaded atom inter-
ferometry has been achieved experimentally [36–46]. Ex-
amples include the double-well interferometer [38, 42, 45],
the Mach-Zehnder interferometer [40, 46, 47], the Mach-
Zehnder-Bragg interferometer [37], and the Michelson in-
terferometer [36, 41]. A large number of interferometers
work on the basis of the splitting and merging of a BEC
which has been carried out in quite a number of previ-
ous works. In the double-well interferometer for example
[38, 48], the BEC is split by deforming a single-well into
a double-well after which the two BEC clouds are al-
lowed to merge again. In the work of Hall et al. [42], the
adiabatic splitting of a BEC in an asymmetric double-
well is controlled by adjusting the barrier height and the
double-well asymmetry, which yields different fractional
atom distributions between the two wells. In both cases
above, the merger is achieved by turning off the trapping
potential, which allows the two BEC clouds to expand
and then merge prior to absorption imaging. In contrast,
the splitting (fragmentation) in our work is caused by the
stirrer, and the merger by the fragment-reflection off the
hard wall. Indeed, the hard wall plays an important role
here. As the stirrer sweeps the BEC cloud, it traps a
BEC fragment and splits it away from the central BEC
[33]. Then the stirrer transports the fragment towards
the hard wall. The fragment then collides with the hard
wall and it is squeezed against it as the stirrer leaves the
HWBP. The fragment is then released from the stirring
laser potential once it has left the HWBP. The fragment
rebounces off the hard wall and heads back towards the
central BEC. We do not have equally-split BEC clouds,
and the amount of BEC fragmentation can be controlled
by adjusting the amplitude and width of the stirrer. The
rate of merger depends linearly on the stirrer velocity.
This is because the trapped BEC fragment undergoes a
completely elastic collision with the hard wall bouncing
off with, and remaining at, the same velocity as that
of the stirrer. While the stirrer is inside the HWBP, it
is found that the moving fragment creates then phase
differences between different parts of the density (phase
imprinting effect) [49]. This in turn yields phase defects
in the MD-phase maps of our systems. Therefore, the
stirrer behaves like a scattering barrier while it sweeps
the BEC and can therefore play an important role in
momentum-space interferometry [20, 49, 50].
Interferometers with trapped BECs could be used as
compact and portable sensors, basing on the promises
made by atom chips [36, 40, 48, 51, 52]. One of the con-
ditions for a trapped BEC to have the same sensitivity
as a free-space interferometer is a large number of atoms
[53]. Next to this, the presence of atom-atom interac-
tions yields quantum phase diffusion [54], dephasing, or
decoherence [55–57] and limits the performance of the in-
terferometer [40, 43, 58, 59]. In order to get a feeling for
the effect of atom-atom interactions on the dynamics of
our system, we tested the case N = 100 corresponding
to a number of particles N ∼ 400 [see Eq.(2)], and com-
pared it to the case of N = 20 of the present work. It
was found that the results obtained here for N = 20 can
no longer be observed for N = 100 (not shown).
In view of the above, we investigate the effect of a
moving stirrer on the MD and phase of a 2D trapped
BEC cutoff by a hard wall box potential (HWBP)
[33, 60]. For this purpose, we numerically solve the time-
dependent Gross-Pitaevskii equation using the Crank-
Nicolson (CN) scheme [61] in real time. The main goal of
this work is to visually characterize the MD and phase (in
momentum and coordinate space) of a 2D trapped hard-
sphere Bose gas excited by a stirrer. We particularly
consider phase maps in momentum space and compare
them with their corresponding ones in coordinate space.
Movie clips describing the dynamics of these quantities
along with the spatial densities and MDs are also pro-
vided. We make explicit comparisons between the two
phases mentioned above and address their salient fea-
tures. It is demonstrated, that excitations can also be
detected by phase maps in momentum space.
This work comes as a continuation of our previous in-
vestigation involving a stirrer and a 2D trapped Bose gas
[33, 60]. We believe the present work constitutes an im-
portant contribution to momentum-space interferometry.
We have been partly motivated by what has been pointed
out by Jacqmin et al. [14], namely that the measurement
of the time evolution of the MD is important for the dual
purpose of observing out-of-equlibrium dynamics and ad-
dressing the thermalization in 1D Bose gases.
The remainder of this paper is organized as follows:
In Sec. II, we discuss our method, which has been used in
previous work [33, 60]. In Sec. III, we display and discuss
the results of our simulations. In Sec. IV, we demonstrate
3the difference bewteen two types of MDs, one obtained
by a Fourier transform of the spatial density and the
other by a Fourier transform of the spatial wavefunction.
In Sec. V, we conclude this work and connect to experi-
ments.
II. METHOD
A. GP equation and laser potential
The method is the same as in our previous work [33,
60]. The split-step CN method [61, 62] is applied to solve
the 2D time-dependent Gross Pitaevskii equation in real
time [Eq.(1) in Ref.[60]]:
[
− ∂
2
∂x2
− ∂
2
∂y2
+ V˜ (x, y; t) + N |ϕ(x, y; t)|2 −
i
∂
∂t
]
ϕ(x, y; t) = 0, (1)
where N is the coupling constant given by
N = 4Nas
`
√
2piλ, (2)
N being the number of particles, as the s-wave scat-
tering length, ` =
√
h¯/mωho a trap length, and λ
an anisotropy parameter determining the width of the
ground state solution in the z-direction, φo(z). How-
ever, as demonstrated in Ref.[61], the z-dependence of
the 3D time-dependent Gross Pitaevskii equation is in-
tegrated out to obtain the 2D form Eq.(1). Next,
ϕ(x, y; t) is the wavefunction of the system, where∫ +∞
−∞ dx
∫ +∞
−∞ dy|ϕ(x, y; t)|2 = 1. As before, V˜ (x, y; t) =
V (x, y; t)/h¯ωho is an external potential given by the com-
bination
V˜ (x, y; t) =
σ
4
(|x|p1 + κ |y|p2) + A exp{−β[x2 + (y − vt)2]},
(3)
ωho being the trapping frequency, σ the strength of the
2D power-law trap, p1 and p2 the power-law trapping
powers, κ = (ωy/ωx)
2 the anisotropy parameter, A < 0
the amplitude of the stirrer, β the exponent determining
the width of the stirrer, and v its velocity. As before,
the system is a harmonically trapped 2D BEC cutoff
by HWBP boundaries [33, 60]. The depth of the stir-
rer is chosen such that it is sufficient to trap and break
a fragment from the central BEC as the stirrer sweeps
the BEC−starting from the center of the system at time
t=0 and moving towards the +y-direction. The system
of units is the same as before, and since it was described
in detail in our previous work [33, 60], we briefly review
here the units in Sec. II D. Also, several initializations for
the CN method were presented in Refs.[33, 60], and we
use only the one involving a gradual buildup of N and
A [Method (a) in Refs.[33, 60]]. Simultaneously with the
introduction of N , the system is initially subjected to
a moving stirrer whose A and v are gradually increased
with time from zero until they reach the desired specific
values in the CN simulation. At the end of this initializa-
tion, the stirrer will have left the system. Subsequently, a
second equivalent stirrer is again abruptly switched on at
the center of the BEC with the same parameters reached
at the end of the previous initialization. Then it is set
into motion with speed v until it exits the trap. We inves-
tigate the effect of the stirrer on the MD and phase maps
(coordinate and momentum) for the following cases: i)
as the stirrer sweeps the BEC starting from its center; ii)
when the BEC fragment reaches the hard wall; and iii)
as the BEC fragment merges with the central BEC after
bouncing off the hard wall.
B. Momentum Distribution
The dynamic MD is obtained from the Fourier trans-
form (FT) of the spatial Gross-Ptaevskii wavefunction
ϕ(x, y; t), i.e.
ϕ˜(kx, ky; t) =
1
2pi
∫ +∞
−∞
dx
∫ +∞
−∞
dyϕ(x, y; t)eikxteikyt,
(4)
and by computing the modulus |ϕ˜(kx, ky; t)|2. ϕ(x, y; t)
is the solution of the 2D time-dependent Gross Pitaevskii
equation Eq.(1). At the end of this paper, we point out
the differences between the momentum-density obtained
from the FT of ϕ(x, y; t) and that obtained from the FT
of |ϕ(x, y; t)|2! The differences between them have never
been outlined before.
C. Phase Maps in Momentum Space
Since the measurement of the MD of trapped Bose
gases is experimentally feasible [12, 14, 15], it may be
timely to define a phase in momentum space:
θ(kx, ky; t) = arctan
[
ϕ˜Im(kx, ky; t)
ϕ˜Re(kx, ky; t)
]
, (5)
where ϕ˜Re(kx, ky; t) and ϕ˜Im(kx, ky; t) are the real and
imaginary parts, respectively, of the momentum-space
wavefunction ϕ˜(kx, ky; t) given by Eq.(4). One can then
plot the phase maps of our systems in momentum space,
which reveal interference patterns at certain instances of
the dynamics (see Sec. III B). In contrast, the phase in
coordinate space is obtained from
4θ(x, y; t) = arctan
[
ϕIm(x, y; t)
ϕRe(x, y; t)
]
, (6)
and provides valuable information about the nucleation
of vortices and solitons [21–25, 31, 32], but no di-
rect information about the interference in momentum
space. Needless to say, it is clear that ϕRe(x, y; t) and
ϕIm(x, y; t) are the real and imaginary parts of the spa-
tial wavefunction ϕ(x, y; t).
D. Units
The coupling constant N , stirrer depth A, stirrer ve-
locity v, the exponent determining the width of the stir-
rer β, and time t, all have the same units as before
[33, 60]: The lengths and energies are in units of the
trap aho =
√
h¯/(2mωho) and h¯ωho, respectively. A is
in units of h¯ωho, β in (aho)
−2, v in aho, t = τωho is
unitless, and N is in units of (√2a2ho)−1. The spatial
density |ϕ(x, y; t)|2 is in units of (aho)−2 and the MD
|ϕ˜(kx, ky; t)|2 is in (aho)2. The anisotropy parameter κ is
unitless.
E. Numerics
Throughout this work, we use the following param-
eters. For the stirrer, we set A = −30, v = 2, and
β=4. For the external trap, we set p1 = p2 = 2 and
κ=1 such that it becomes harmonic and isotropic, re-
spectively. The value of N is set to 20.
For 87Rb the scattering length is as = 5.4 nm and
a suitable trapping frequency is ωho = 2pi × 25 Hz [63].
The trap length is then ` = 2.16 µm (ours is aho = `/
√
2).
The anisotropy λ is set to 100 so that the width of the
ground state φo(z) becomes extremely small along the
z−direction and the system can be considered to be 2D.
For this λ, used in Eq.(2) in Refs.[33, 60], the number of
particles is N ∼ 80. The velocity v by which the stirrer is
moved, e.g. v=1 in trap units, is equal to 2.4×10−4m/s.
The HWBP length is L = 20 (aho); that is in SI units
the density becomes n ∼ N/L2 = 8.58 × 1010m−2 yield-
ing na2s ∼ 10−6. The value of N is chosen large enough
so that the dark areas (dark notches) in the MD, aris-
ing from destructive interference in momentum space,
become visible. According to Ruschhaupt et al. [49],
an increase in N increases the depth of the dark areas
and, therefore, improves their visibility. Our system is,
as in our previous work [33, 60], much more dilute than
that of Ruostekoski et al. [63] for which N ∼ 103. It
is worth mentioning here that dilute BECs have been
used to investigate matter-wave interference phenomena
as in the work of Andrews et al. [27]. In essence, the
quantum-mechanical effects of matter-wave interferome-
try are manifested visually by our phenomenological de-
scription of the density maps.
III. RESULTS AND DISCUSSION
A. Momentum and spatial distribution
In this section, we phenomenologically explore the
MDs obtained by plotting |ϕ˜(kx, ky; t)|2 as a function of
kx and ky, where ϕ˜(kx, ky; t) is given by Eq.(4). The
goal is to describe their basic features and to extract in-
formation about the excitations in the system at hand.
Figure 1 demonstrates a sequence of 2D spatial density
distributions |ϕ(x, y; t)|2 (left column) and their associ-
ated MDs |ϕ˜(kx, ky; t)|2 (right column) at different times.
Frames (a) and (d) are at t=1.50, (b) and (e) at 2.00,
and (c) and (f) at 3.50. The system is a hard-sphere
Bose gas confined in a 2D harmonic trap cutoff by an
HWBP and excited by a stirrer. In all frames, the stir-
rer is inside the HWBP and approaching the hard wall.
The parameters of the CN simulation have been specified
in Sec. II E. Upon a careful inspection of Fig. 1, one can
see that as the stirrer approaches the hard wall (in the
left column), dramatic changes occur in the occupancy
of the momentum states (kx, ky) (in the right column).
When the stirrer has moved a little as in frame (a), a
corresponding MD peak is observed in frame (d) at the
center (kx, ky) = 0 surrounded by two other peaks on
its sides. When the stirrer begins to separate the frag-
ment in frame (b), the central MD peak vanishes in frame
(e). The two MD peaks on the sides in (e) have grown
in amplitude as the particles have left lower momentum
states and have occupied higher ones largely along the
ky-axis. In passing, we would like to note that experi-
mentally, the center of mass of these secondary maxima
would expand relatively fast once the trap is turned off
for absorption imaging, because they have a high mo-
mentum [64]. Close to the hard wall, when the stirrer
has already separated a fragment from the central BEC
in frame (c), the MD peak centered at (0, 0) has reap-
peared in frame (f) and is now surrounded by a pecu-
liar fringe pattern signalling interference in momentum
space. The latter phenomenon is a manifestation of the
fact that the populations of the momentum components
have been redistributed due to s-wave scattering in the
same manner as in Ref.[40]. It is the interference between
these components that yields the fringes in the momen-
tum distribution similar to Ref.[20].
In Fig. 2, the scenario of Fig. 1 is continued. As in Fig.
1, the left column displays the spatial density |ϕ(x, y; t)|2,
whereas the right column the MD |ϕ˜(kx, ky; t)|2 corre-
sponding to the left column. Frames (g) and (j) are at
t = 4.50, (h) and (k) at 5.40, and (i) and (l) at 6.20.
This time the stirrer collides with the hard wall in Fig.
2(g) at t=4.50. Then the released fragment is reflected
at t = 5.05 (not shown) and expands in frame (h) at
t=5.40. The fragment then merges with the central BEC
in frame (i) at t = 6.20. While there still arises a fringe
pattern in the MDs of frames (j) and (k) in Fig. 2, this
fringe pattern is no longer observed in frame (l). The
collision of the stirrer-fragment with the hard wall does
5not cause the central MD peak to disappear in frame (j).
This is because it takes time for the shockwave to reach
the central BEC at the minimum of the trap so as to ex-
cite it. But when the released fragment bounces off the
hard wall and begins to expand in frame (h), the central
MD peak disappears in (k) where three large neighbor-
ing peaks, and a small one, arise. This indicates that the
shockwave has reached the central BEC and has begun
to excite it. Finally, when there is some significant over-
lap between the released fragment and the central BEC
in (i), the central MD peak arises clearly in (l). This is
because particles approaching the minimum of the exter-
nal trap undergo a recondensation to the BEC state. It
is found that the BEC cloud oscillates irregularly back
and forth inside the HWBP along the y-axis. This is
demonstrated in a movie clip in Sec. III C. The amount
of overlap between the released fragment and the central
BEC keeps changing as the fragment oscillates passing
through it. However, the two overlapping BECs do not
retain their original shapes after the first collision and do
not separate completely. Consequently, the condensate
fraction is likely to oscillate as the population of the (0, 0)
state depends on the amount of overlap between the frag-
ment and the central BEC. A similar result was obtained
in previous work [59]. Note that interference fringes in
the spatial densities are observed only in Fig. 2 when
the stirrer is at the hard wall in (g) and when the frag-
ment merges with the central BEC in (i). The buildup
of stripes in the density distribution is due to phase fluc-
tuations and has been explained earlier by Dettmer et
al. [65]. On the other hand, fringes in the MDs are ob-
served only when there is a separated fragment from the
central BEC. Analogously, a coherent splitting of a BEC
over a large number of lattice sites [64] can produce an
interference pattern in momentum space [43]. Note the
somewhat inverse behavior of the spatial density and MD
in the pairs Fig. 1(c),(f) and Fig. 2(i),(l). When there are
no fringes in Fig. 1(c) upon seperating a fragment, fringes
arise in the MD of Fig. 1(f). However, quite the opposite
occurs in the other set: when the fragment merges with
the central BEC in Fig. 2(i) the spatial density displays
fringes, whereas the corresponding MD density in Fig.
2(l) does not. Therefore, the redistribution of the mo-
mentum components due to s-wave scattering can only
occur when there are largely no fringes in position space.
B. MD and phase maps
Figures 3 and 4 correspond to Figs. 1 and 2, respec-
tively. The left columns in Figs 3 and 4 represent the
same previous MDs |ϕ˜(kx, ky; t)|2 of Figs. 1 and 2, but
in the form of a map view. The frames in Fig. 3 are
at the same times as those in the corresponding Fig.
1, similarly for Figs. 4 and 2. The middle columns in
Figs. 3 and 4 represent phase maps in momentum space
θ(kx, ky; t) [Eq.(5)], and the right ones the corresponding
phase maps in coordinate space θ(x, y; t) [Eq.(6)]. Again
frames (d) and (D) correspond to (a), (e) and (E) to (b),
and so on. Upon inspection of the map views of the MDs,
one observes that while the stirrer is inside the HWBP
in frames (a)-(c) and (g), there are large areas of depop-
ulated momentum states (white regions). Here, particles
have been excited out of these “vacuum” states to other,
possibly more favorable, momentum states (kx, ky). As
the stirrer sweeps the BEC in the +y-direction starting
from the center of the trap at time t=0, the BEC frag-
ment trapped inside it acts as a scattering barrier, since
it forces the BEC particles to flow around it thus creat-
ing a backflow effect. This backflow is important, since it
is the way the fragment and the central BEC communi-
cate with each other [33, 60] while the fragment is inside
the stirring laser trap. In fact, it is this backflow that
most likely produces populated higher momentum states
(excitations). Further, the stirrer introduces a phase-
imprinting effect [49] like a blue-detuned Gaussian laser
potential [60, 66]. Consequently, phase differences are
created between the different parts of the BEC-cloud’s
MD distribution resulting in interference fringes.
The phase maps in momentum space (Figs. 3 and 4,
middle columns) provide further information about the
structure of the excitations in the systems. The sharp
boundary lines in these maps indicate phase jumps which
could be due to vortex or soliton formation. The occur-
rence of these boundaries increases from Figs. 3(d) to (f)
as the stirrer approaches the hard wall, thereby increas-
ing the number of excitations with various structures.
The maximum occurrence of phase jumps is observed
in Fig. 4(j), when the stirrer collides with the hard wall
and the BEC fragment inside the stirrer-potential gets
squeezed against the hard wall. Subsequently, as the re-
leased BEC fragment begins to merge with the central
BEC, the number of the phase jumps decreases in Fig.
4(k) and almost vanishes in Fig. 4(l), as the sharp bound-
aries soften. An increase in the sharp boundaries signals
an increase in the density of excitations in the system,
which is accompanied by a rise in its total energy while
the stirrer is moving inside the HWBP [33]. One must
not forget the corresponding phase maps in coordinate
space, frames (D)-(F) in Fig. 3, and (J)-(L) in Fig. 4.
The number of phase-jump regions increases from (D) to
(F) corresponding to the previously mentioned increase
from (d) to (f). However, this number declines in (J) and
(K), but rises again notably in (L) in correspondence to
(l). It should be pointed out here that the breaking of
phase fronts in coordinate space indicates vortex creation
[32].
Our work is somewhat related to that of Fujimoto
and Tsubota [25] who investigated the dynamics of a
trapped BEC penetrated by a repulsive oscillating Gaus-
sian potential. It was demonstrated how vortices and
solitons could be nucleated around the moving potential.
A velocity-field like backflow occurring around the Gaus-
sian potential was mentioned, emitting phonons and nu-
cleating ghost vortex-pairs. Most importantly, they pre-
sented spatial density maps accompanied by correspond-
6ing phase maps. Notice that our phase maps in Figs. 3
and 4 have a much richer structure than the phase maps
presented by Fujimoto and Tsubota. The reason is be-
cause the stirrer introduces a larger number of energy
levels than the blue-detuned laser potential, which yields
a larger phase space and excitation density. The rich-
ness in structure is also revealed by our momentum-space
phase maps in Figs. 3 and 4. Therefore, phase maps in
momentum space can also be used to detect vortices and
solitons: a phase jump in momentum-space signals the
same feature as a phase-jump in coordinate space.
C. Movie clips
In the supplementary material [67], we provide four
movie clips for the dynamics of the spatial density, MD,
phase in coordinate space, and phase in momentum
space. In what follows, we describe some of their prin-
cipal features. It is recommended, that while reading
this section one simultaneously watches the correspond-
ing movie clips. It must be noted, that the time t cor-
responding to the evolution of the BEC can be obtained
from the time of the movie clip tmovie, by the formula
t = [tmovie(in secs)× 0.05] + 0.1 which is only a technical
issue.
In the spatial-density movie clip (density-map-xvid),
one initially observes in the first tmovie = 22 secs of the
clip the formation of vortex pairs similarly to Fig. 2(c) of
Ref.[25]. The rest of this section, the time mentioned is
tmovie. The vortex pairs then annihilate as they recom-
bine into solitons [25]. While the separated BEC frag-
ment moves towards the hard wall, more vortex pairs are
created until the fragment is totally separated from the
main BEC at 1 min 24 secs. When the BEC fragment col-
lides with the hard wall at 1 min 28 secs and is reflected
backwards at 1 min 39 secs, it begins to expand and in-
terfere with the central BEC at 1 min 51 secs. During
the merger, interference fringes are generated at 2 min 2
secs.
Now the next step is to compare this evolution with
the corresponding one in momentum space. The MD
movie clip (momentummap-movie-xvid) demonstrates
the evolution of the excitations to the (kx, ky) levels. In
the first 3 secs of this movie clip, one observes spheri-
cal MD waves eminating from the center (kx, ky)=(0,0)
towards the higher momentum-state regimes. In other
words, as the stirrer moves particles are excited to higher
(kx, ky) levels. At 3 to 8 secs of the movie clip, the spher-
ical MD waves begin to shrink in size because higher
momentum states get depopulated as the stirrer absorbs
more particles into its lower energy states. When the stir-
rer moves further, the waves expand again between 8 and
16 secs movie time and the scenario is repeated almost pe-
riodically, although with various MD-wave shapes which
are hard to describe in words. Therefore, while the stirrer
is moving, particles tunnel in and out of the stirrer en-
ergy levels [33] similar to what was reported in Ref.[68].
Next to this, it seems that the system goes back and
forth between positive and negative ky states. This may
be attributed to the fact, that after the stirrer leaves the
HWBP, the merged BEC cloud keeps oscillating back and
forth parallel to the y-axis as it continues to bounce off
the front and back hard walls. Naturally, this causes the
sign of ky to alternate with each reflection of the BEC
from the hard wall.
The spatial-phase movie clip (phasemovie-xvid) dis-
plays in the initial 3 secs a large flat blue-gray area where
the phase is constant. In the center of this area, there is
a small circular regime of a different phase corresponding
to the BEC inside the stirrer. The large area displays a
coherent regime where a BEC resides outside the stirrer.
This flat blue-gray area then shrinks in size as the stirrer
moves further and circular fringes arise at 5 secs which
expand and propagate away from the center. This is be-
cause the moving stirrer excites particles out of the BEC
to higher (kx, ky) states as incoherence sets in. At 27
secs one observes large areas of constant phase again, in-
dicating the re-establishment of coherence. Our movies
demonstrate therefore clearly the phase fluctuations of
the trapped BEC. Strong phase fluctuations can be seen
visually as a result of the excitations by the stirrer.
The momentum phase movie (momphase-movie-xvid)
reveals similarly flat areas in the first 6 secs where the
phase is largely constant. The stirrer reserves a special
circular area in the center of the momentum phase map,
which seems to vanish completely at 37 secs movie time.
One observes after 23 secs striped areas whose boundaries
arise due to phase jumps. This striped pattern remains
for up to 1 min 58 secs movie time until the reflected
fragment merges again with the central BEC.
IV. COMPARISON BETWEEN MD AND THE
FT OF |ϕ(x, y; t)|2
In the literature, the MD is sometimes computed us-
ing the Fourier transform (FT) of the spatial density
ρ(x, y; t) = |ϕ(x, y; t)|2 [5, 69]. At other times, the liter-
ature [20, 64, 70] defines it as the modulus |ϕ˜(kx, ky; t)|2
of the momentum-space wavefunction ϕ˜(kx, ky; t) given
by Eq.(4), where ϕ˜(kx, ky; t) is the FT of ϕ(x, y; t). Con-
sequently, there does not seem to be an agreement as to
which of the latter MDs should really be used. The lit-
erature seems to have overseen this important issue. Let
us then define
ρ˜Den(kx, ky; t) =
∣∣∣∣ 14pi2
∫ +∞
−∞
ρ(x, y; t)e(ikxx+ikyy)dxdy
∣∣∣∣2
(7)
as the MD obtained from the FT of ρ(x, y; t), and
ρ˜WF (kx, ky; t) = |ϕ˜(kx, ky; t)|2 (8)
as the MD obtained from the FT of the wavefunction
ϕ(x, y; t) according to Eq.(4). Our goal is to shed some
7light on the differences between ρ˜WF and ρ˜Den. When
calculating ρ˜Den, the phase of the spatial wavefunction
disappears within the modulus |ϕ(x, y; t)|2 and its effects
are therefore suppressed. As a result, it is found that
the shape of ρ˜Den is largely described by a Gaussian,
centered at (kx, ky) = (0, 0), with some low-intensity fea-
tures surrounding the Gaussian peak. The ρ˜Den indicates
therefore incorrectly that the excited momentum states
occur mostly in the vicinity of the (kx, ky) = (0, 0) state.
This can be seen in Fig. 5, where we draw a compar-
ison between the mapviews of the ρ˜WF [Fig. 5(a)] and
the corresponding ρ˜Den [Fig. 5(b)] at t = 1.50. The ρ˜Den
is largely a Gaussian and neither reveals the secondary
maxima which appear in the ρ˜WF nor the depopulated
momentum states [white areas in (a)]. Further, by check-
ing the color palettes in the figures, the maximum scale
is at 0.016 for ρ˜Den, which is 8 times larger than that
of the ρ˜WF . This indicates that the suppressed phase of
the wavefunction plays a major role in the population of
the momentum states, which determines the structure of
the ρ˜WF map. However, ρ˜Den does nevertheless reveal
information about the coherent part of a Bose gas [5, 69].
V. CONCLUSIONS
In summary then, we have explored the dynamics of
the momentum density (MD) and phase (in both mo-
mentum and coordinate space) of a 2D BEC confined by
a harmonic trap cutoff by an HWBP. The BEC was ex-
cited by a stirring red laser added to the harmonic trap.
The stirrer split a BEC fragment, transported it to the
hard wall, and released it while exiting the trap. The
BEC fragment reflected off the hard wall and interfered
with the central BEC as it returned back from the hard
wall. In essence, we presented a new method for achiev-
ing interference of split harmonically trapped 2D BECs.
Our work largely demonstrates that momentum-space
interferometry is feasible upon splitting and merging
of BECs via an attractive stirrer. And to the best
of our knowledge, this study is unique in the sense
that we achieved momentum-space interferometry [70–
72] without using a repulsive potential barrier, which
is usually produced by a blue-detuned laser potential
[60, 66]. We found that the stirrer, which introduces a
phase-imprinting effect, acts like a scattering barrier [49].
Moreover, the phase-imprinting effect of the stirrer in
coordinate-space translates into phase-defects in momen-
tum space. While the moving stirrer is inside the HWBP
approaching the hard wall, the number of phase-jump
boundary lines observed in momentum space increases
until the stirrer exits the HWBP. Once the released BEC
fragment bounces off the hard wall, the number of phase-
jump boundary lines begins to drop and almost vanishes
as the BEC fragment merges with the central BEC. These
phase jumps are indicative of vortex or soliton structures
arising from the phase-imprinting effect. The phase in
coordinate space, on the other hand, displays a different
behavior for the number of sharp boundary lines after
the stirrer exits the trap. Whereas the phase jumps in-
crease in number until the stirrer hits the hard wall, they
neither vanish nor soften after the stirrer leaves the trap
but rather increase in number.
The phase of the BEC has been addressed in quite
a number of works. For example, it was found that the
dark regions in the MD indicate a phase which is an odd
multiple of pi [20, 36, 49]. The phase of a dark notch
could also be determined experimentally [49]. Conse-
quently, we suggest exploring the above phases further
by experimental detection, since the phase provides valu-
able information on the hydrodynamic properties of the
system. In addition, the phase in coordinate space pro-
vides an indirect measure for the velocity of superflow,
since ~v = (h¯/m)~∇φ.
We also demonstrated the dynamics of the spatial
density in connection to the MD. At some instances,
the behavior of the interference fringes observed in co-
ordinate space demonstrated an inverse behavior to that
of the momentum space. This was clearly demonstared
in Figs. 1(c),(f) and Figs. 2(i),(l). In these two pairs of
figues, interference fringes would arise in coordinate space
whenever they are absent in momentum space, and vice
versa. The results presented here can be verified exper-
imentally, since the MD of a 2D trapped Bose gas has
already been probed [12, 15].
Our results are reminiscent of previous work on the
effects of a stationary barrier on the MD of a colliding
1D wavepacket [70–72] and the collision of an expanding
BEC cloud with a stationary potential barrier [50]. But
the distinctive feature of our work is that we are using an
attractive red-laser potential to sweep the BEC instead
of a repulsive barrier.
Finally, we would like to connect to the previous lit-
erature on the BEC interferometry regarding a future
experimental realization of a new kind of interferome-
ter by using our current setup with some additional im-
provements. For example, Fattori et al. [43] showed
that one can significantly reduce the interaction induced-
decoherence of a Bloch-oscillations interferometer by tun-
ing the s-wave scattering length to zero via a Feshbach
resonance. Since our BEC is unequally split, with differ-
ent atom numbers in the fragment and the central BEC,
the latter method mentioned above would be a suitable
option for reducing decoherence in a future high-density
experimental setup of our system. Similar to previous
studies, this realistic setup could either be placed on a
floating table or suspended from a ceiling with an ap-
plied varying oscillatory driving force on the whole setup
to test its effect on the BEC [73, 74]. The question that
arises then is: what happens to the BEC in our setup if
the whole trap is shaken? This question is worth pursu-
ing in the future. The high-density setup would first be
subjected to the magnetic Feshbach resonance described
in Ref.[43] in order to reduce decoherence by tuning the
scattering length down to zero. After the stirrer leaves
the hard wall, one could turn on a sinusoidal driving force
8on the whole setup to investigate the inertial sensitivity
[74] of our interferometer. Our interferometer is a sim-
ple one, unlike interferometers used to measure rotations
[73, 74], for example, we do not need a setup with beams
of atoms traversing different paths.
Hadzibabic et al. [75] investigated the interference of
BEC clouds using matter-wave heterodyning. As they
overlap, a 3D matter-wave interference pattern forms,
which after a certain time of flight is projected onto a
plane and the projection is recorded by a CCD camera.
In our case, the interference between the fragment and
the central part of the BEC yields a 2D matter-wave
pattern, so a measurement with a CCD camera can be
performed.
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FIG. 1: (Color online) Density plots |ϕ(x, y; t)|2| (left column) and the corresponding momentum distrbutions |ϕ˜(kx, ky; t)|2|
[Eq.(4)](right column) for N = 20, A = −30, β = 4, v = 2, and κ = 1 at three different times. The system is a hard sphere
Bose gas confined in a 2D harmonic trap cutoff by a hard wall box potential. It is excited by a moving red-detuned laser
potential. Top to bottom: (physical BEC evolution time) t=1.50, 2.00, and 3.50. The lengths and energies are in units of the
trap aho =
√
h¯/(2mωho) and h¯ωho, respectively. A is in units of h¯ωho, β in (aho)
−2, v in aho, t = τωho is unitless, N is in units
of (
√
2a2ho)
−1, the density |ϕ(x, y; t)|2 is in (aho)−2, and the momentum density |ϕ(kx, ky; t)|2 is unit of (aho)2. The anisotropy
parameter κ is unitless. kx and ky are in unit of (aho)
−1.
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FIG. 2: (Color online) Continuation of Fig. 1 but at later times. Top to bottom: t=4.50, 5.40, and 6.20. The units are the
same as in Fig. 1.
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FIG. 3: MD density maps |ϕ˜(kx, ky; t)|2| [Eq.(4)] (left column), and the corresponding phase maps in momentum space
[θ(kx, ky; t), Eq.(5)] (middle column) and coordinate space [θ(x, y; t), Eq.(6)] (right column) pertaining to the systems of
Fig. 1. Top to bottom: (physical BEC evolution time) t=1.50, 2.00, and 3.50. |ϕ˜(kx, ky; t)|2| is in units of (aho)2 with kx and
ky in units of (aho)
−1, and t = τωho is unitless.
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FIG. 4: (Continuation of Fig. 3 at later times. Top to bottom: (physical BEC evolution time) t=4.50, 5.40, and 6.20. The
units are the same as in Fig. 3.
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FIG. 5: (Color online) Map views of the ρ˜WF (kx, ky; t) (Eq.(8), left) compared to the Fourier transform of the density
ρ˜Den(kx, ky; t) (Eq.(7), right) at t=1.50 for N = 20, A = −30, β = 4, v = 2, and κ = 1. The system and the units are
the same as in Fig. 1.
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